We propose a model describing N spin-1/2 systems coupled through N-order homogeneous interaction terms, in presence of local time-dependent magnetic fields. This model can be experimentally implemented with current technologies in trapped ions and superconducting circuits. By introducing a chain of unitary transformations, we succeed in exactly converting the quantum dynamics of this system into that of 2 N−1 fictitious spin-1/2 dynamical problems. We bring to light the possibility of controlling the unitary evolution of the N spins generating GHZ states under specific time-dependent scenarios. Moreover, we show that by appropriately engineering the time-dependence of the coupling parameters, one may choose a specific subspace in which the N-spin system dynamics takes place. This dynamical feature, which we call time-dependent selective interaction, can generate a cooling effect of all spins in the system.
I. INTRODUCTION
One of the attractive aspects in the physics of trapped ions and superconducting circuits stems from their dual relationship with quantum and semi-classical spin models. On one hand, we may effectively describe the dynamics of such kind of systems in terms of the language of spin systems. On the other hand, through these highly controllable technologies [1] , we may reproduce and implement several types of spin interactions. Thus, trapped ions and superconducting circuits provide examples of quantum simulators of the dynamical behaviour of other quantum systems in accordance with the original seminal idea of Feynman [2] , mathematically reformulated in terms of digital operations some years later [3] .
A fascinating formal aspect of these quantum simulations is the mathematical occurrence of local N-wise spin-1/2 coupling terms in the Hamiltonian. Here Nwise means that the interaction among the N spins may be represented as an N-degree homogeneous multilinear polynomial in the 3N dynamical variables of all the N spins. Such a kind of coupling is of course alien to physical context like nuclear, atomic, and molecular physics. However, the usefulness of such N-spin Hamiltonian models has been recently brought to light in the treatment and the study of fermion lattice models where manybody interactions are present [4] . It is possible to implement many-body interactions of higher than secondorder through both trapped ions techniques [5, 6] and superconducting transmon qubit arrays [7] by exploiting collective entangling operations [8, 9] . Their physical and technological importance stems from the possibility to ease several tasks of quantum information processing. In this manner, we may drive the generic manyqubit transition |− ⊗N → |+ ⊗N to prepare multipartite Greenberger-Horne-Zeilinger (GHZ) states with a single operation and to implement stabilizer operators [6, 10] with local qubit rotations. This will allow for the implementation of topological codes [11] , among other effects. Finally, the interest of studying higher order interactions may be found also in their relevance in describing better physical features and dynamical aspects of complex systems [12] .
II. THE MODEL AND ITS SYMMETRIES
In this work, we investigate the properties of a system of N distinguishable spin-1/2's subject to different magnetic fields and interacting in accordance to the following specific uniform N-wise interactions,
Here, uniform means that no term mixing different components of different spins, e.g.σ x 1σ y 2σ z 3 . . .σ x N , is present in the Hamiltonian where only three "diagonal" terms appear. The coupling constants γ x , γ y and γ z quantitatively characterize these three terms.σ x ,σ y andσ z are the standard Pauli matrices andhω k is the energy separation induced in the k-th spin by its relative magnetic field. We are able to exactly diagonalize this model by reducing it into a set of independent problems of single spin-1/2. It is worthwhile to note that our technique may be applied even when the Hamiltonian parameters are time dependent. This circumstance provides the key to govern the dynamics of all the spins by manipulating the time-dependent magnetic field acting upon only one out of the N spins. A similar approach has already been exploited to investigate dynamical aspects of twospin systems [13] [14] [15] . The main result reached in this paper is a dynamically generated cooling effect of the whole N-spin system. This effect consists in projecting the N spins in their vacuum state |− ⊗N as a consequence of a single measurement made on an ancilla spin (e.g. the first spin) at an adequate time.
The Hamiltonian (1) may be exactly diagonalized by means of a chain U of unitary transformations after which it may be put in the following form (see Appendix A).
In the case of an odd number of spins, it reads
whereas for an even number of spins, it assumes the form
The total unitary operator accomplishing this chained transformations may be written as
(4) We see that the only dynamical variable representing the k-th spin with k = 1 inH (even and odd case), iŝ σ z k which is constant of motion forH even if
This means that we may treat all theσ z k (k = 1) as numbers (+1 or -1) and the string of values of these constants of motion identifies one specific subspace out of the 2 N−1 dynamically invariant Hilbert subspaces. Therefore, treatingσ z k (k = 1) as parameters, Eqs. (2) and (3) give us 2 N−1 effective Hamiltonians of the first spin-1/2. Exploiting the explicit expression of U(t), the dynamics generated by each effective Hamiltonian is turned into the dynamics of the N-spin system which of course will take place in a 2x2 still invariant subspace of H as given by Eq. (1).
We remark that, in each of such two-dimensional subspaces, the dynamics involves a specific state of the standard basis (s.b.), |s.b. , and the relative flipped state, that is the one identified by ∏ kσ (for all possible k = 1) involves the two states |+ ⊗N and |− ⊗N of the N-spin system. This implies the possibility of easily generating GHZ states of the N-spin system through this kind of interactions between the spins, as it is well known in literature [6, 7] . Moreover, the added value of this model lies in the application of appropriately engineered (time-dependent) magnetic fields, in order to govern the transition of the spin system between the two states, or to manipulate in time the generation of specific superposition states [13, 18, 19] . However, to this end, a time-dependent analysis of the problem is necessary.
Up to now, we have only considered a timeindependent Hamiltonian model. Nevertheless, note that the same arguments discussed above hold for a timedependent Hamiltonian as well. The mathematical reason is that the unitary transformation operator U is independent of the Hamiltonian parameters. In this way, we are able to break down the time-dependent Schrödinger equation for our N-spin system into a set of 2 N−1 decoupled time-dependent Schrödinger equations (see Appendix B). This implies that an exactly solvable timedependent scenario of a spin-1/2 could be an exactly solvable scenario for our N-spin system dynamics restricted in one of the 2 N−1 dynamically invariant Hilbert subspaces. Therefore, the knowledge of exactly solvable problems of a single spin-1/2 subjected to a time-dependent magnetic field (like that brought to light by Rabi [17] ) becomes strategic. Thus, it is of relevance that, quite recently, new strategies to single out controllable time-dependent magnetic fields have been reported [13, 16, [18] [19] [20] [21] [22] , furnishing exact analytical solutions of the related dynamical problem.
III. PHYSICAL APPLICATIONS A. Controllable Quantum Dynamics
Let us now consider the following specialized model
and the initial condition |ψ(0) = |+ ⊗N (σ z |± = ±|± ). In this instance, following our previous symmetry-based analysis, the problem is reduced to the following fictitious single-spin-1/2 problemH =hω 1σ
, regardless of the parity of N. If we now suppose that ω 1 varies over time in such a way to produce a perfect inversion of the fictitious spin or a balanced superposition between the states |+ 1 and |− 1 [13, 18, 19] , it means that in the language of the N spins we are producing, respectively, a perfect inversion of all the spins at the same time and a GHZ state of our N-spin system. These two cases are considered in the figure below where the exact probability transition P − + (t) of finding the N-spin system in the state |− ⊗N starting from |+ ⊗N is reported for two different time-dependences of the magnetic field acting upon the first spin, against the dimensionless time τ = γ x t/h. The expressions both of the magnetic field and the related transition probability are analytically derived by solving exactly the single-spin-1/2 dynamical problem [13, 16] . Thus, these cases represent exactly solvable time-dependent scenarios for the dynamics of the N-spin system restricted to the two-dimensional subspace involving the states |+ ⊗N and |− ⊗N . Analogously, we may generate Rabi oscillations between the two states of the N−spin system involved in the subdynamics, by appropriately varying over time the parameter γ x [17, 18] . This means that, through the N-spin model under scrutiny, we may govern the dynamics of the whole N-spin system by appropriately engineering in time either the magnetic field acting upon only the first spin (ancilla qubit) or the coupling parameter or both.
B. Selective interaction-based Cooling Effect
Now we want to discuss a possible application of experimental interest aiming at attaining a cooling effect of the whole spin system. It is based on the possibility of selecting the invariant subspace wherein the N-spin-system dynamics occurs by appropriately varying over time the coupling parameter(s). This idea was presented for the first time in [23] but developed within another physical context. To this end, let us consider the following specialized model
with γ x (t) = γ cos(νt) and γ y (t) = γ sin(νt) and for an odd number of spins. In this way, in each subdynamics we have Rabi oscillations between the two involved standard basis states. We know that these oscillations occur with maximum probability when the oscillation frequency of the (fictitious) transverse magnetic field (ν), is equal to the characteristic frequency between the two energy levels. Let us analyse the following conditions: 1) the characteristic frequencies of all spins are much larger than the coupling constant, ω k ≫ γ/h; 2) the oscillation frequency of the coupling constants (ν) matches the resonant condition in a specific subspace. In these instances, then, we obtain a complete oscillating behaviour in this 'selected ' subspace, while in all the other ones the system dynamics is frozen since the transition probability is negligible.
To be more explicit, let us consider for simplicity three spins and the initial condition involving all the states characterized by the first spin (ancilla qubit) in the state |+ . In each subspace the probability of transition from the effective state |+ to the effective state |− reads
Here n discriminates the different sub-dynamics and ν n = ±ν depending on the sub-space, as it is clear by Eq. (2). It is easy to verify that if we assume now, for example, ν = − ∑ 3 k=1 ω k we have complete oscillations, that is P − + (t) = sin ω R 2 t , only in the subspace involving the two states |+ ⊗3 and |− ⊗3 . In the other subspaces, instead, providing that the condition ω k ≫ γ, ∀k is satisfied, the probability of transition is negligible and the dynamics is frozen, in the sense that the state remains the initial one.
This coupling-based dynamical selectivity turns out to be of particular relevance in the light of the following application of experimental interest. In the case of three spins under scrutiny, for the sake of the simplicity, let us take into account the following initial condition
At the light of the previous discussion, considering a π-pulse, it is easy to verify that we may write the state at time t as
(8) Thus, a measurement act on the first spin projecting it in the state |− 1 , has the effect to project all other spins too into their down-states. Therefore, through an ancilla qubit and the specialized interaction model under scrutiny leading to a selective coupling, we may produce what we may call a selective-interaction-based cooling effect of the spin system. It is easy to understand that an analogue result may be obtained also for a greater odd number of spins.
It is important to stress that the previous procedure and result are not valid in case of an even number of spins. This is due to the fact that, as we can see in Eq. (3), in each subdynamics we have an effective transverse magnetic field only along the x-direction and then the Rabi scenario with the related dynamics cannot be reproduced. However, additional appropriate conditions help to circumvent the N-parity constraint giving rise even in this case to a similar result of selective-interaction-based cooling effect. Let us consider, for simplicity, only the coupling in the x-direction, that is the following further simplification of Eq. (1):
It is possible to see that if ω 1 is sufficiently greater than all the other ω k we may use the RWA [24] in each subspace and then, in this instance, we restore the presence of Rabi oscillations in each subspace. Matching the oscillation frequency of the coupling constant γ x (t) with the characteristic frequency of the subspace involving the states |+ ⊗N and |− ⊗N , namely ν = ∑ N k=1 ω k , we obtain complete oscillations only in such a subspace. The other sub-dynamics, instead, will be characterized by a frozen dynamics, provided that ω k ≫ γ, ∀k. Therefore, if the system starts from the analogous state written in Eq. (7), we achieve also for an even number of spins the 'cooling effect' thanks to the possibility to select a specific subspace in which the N-spin dynamics takes place. As a last remark it is worth to note that in this last case the result is based on the RWA, while in the different scenario for an odd number of spins, the result previously exposed is exact. It is interesting to note that this aspect can be seen also as an N-parity-dependent physical response of the system.
IV. CONCLUSIONS
In this paper we have exactly solved a time-dependent model of N spin-1/2 systems comprising highly non-local interactions. Firstly, we have shown that, thanks to nonlocal N-order interaction terms, it is possible to reverberate to all the spins in the system the dynamical effects generated in one of the N spins (ancilla qubit) by the application of a time-dependent magnetic field. This allows us to generate easily GHZ sates or a contemporary perfect inversion of all the spins. Secondly, we proposed a protocol through which we may generate a cooling effect of the whole spin system based on what we called selective interaction. The latter consists in the possibility to select a specific dynamically invariant subspace for a non-trivial dynamics of the N-spin system, by appropriately engineering the time-dependence of the coupling parameters.
The key to get such physical results lies on the possibility to solve exactly the dynamics of the N-spin system by reducing the problem into a set of independent dynamical problems of single spin-1/2's. As a final remark and outlook, it is worth noticing that this fact, identifiable as a result itself, makes possible the study of the dynamics of the system also when we consider random fluctuating components of the magnetic fields, as analogously done in [15] . This would permit to analyse possible effects on the dynamics of the N spins stemming from the coupling with an environment and to consider, then, situations closer to the experimental ones. 
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